ON THE AUTOMORPHISM GROUPS OF MODELS IN C^ 

\r) \ NINH VAN THU* AND MAI ANH DUG** 

o 

^1^' Abstract. In this note, we consider models in C'^. The purpose of this note is 

^^ ' twofold. We first show a characterization of models in C^ by their noncoinpact 

, automorphism groups. Then we give an explicit description for automorphism 

l/j ■ groups of models in C^. 
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1. Introduction 



For a domain il in the complex Euclidean space C", the set of biholom.orphic 
self-m.aps forms a group under the binary operation of composition of mappings, 
which is called automorphism group (Aut(ri)). The topology on Aut(r2) is that of 
C^ I uniform convergence on compact sets (i.e., the compact-open topology). 

A boundary point p G dQ is called a boundary orbit accum,ulation point if there 
exist a sequence {fj} C Aut(ri) and a point q £0. such that fj{q) — >■ p as j — )■ oo. 
The classification of domains with noncompact automorphism groups is pertinent 
^ I to the study of the geometry of the boundary at an orbit accumulation point. 

(y^ . In this note, we consider a model 

S ; Mh = {{zi,Z2) e C^ : Re Z2 + H{zi) < 0}, 

. I where 7? is a homogeneous subharmonic polynomial of degree 2m {m > 1) which 

JnI i contains no harmonic terms. It is a well-known result of F. Berteloot [7] that if $7 C 

C^ is pseudoconvex, of DAngelo finite type near a boundary orbit accumulation 
point, then n is biholomorphically equivalent to a model Mh- For the case il is 
strongly pseudoconvex, this result was proved by B. Wong [35] and J. P. Rosay [25] : 
indeed, the model is biholomorphically equivalent to the unit ball. These results 
S^ I motivate the following several concepts. 

H ■ A domain O C C^ is said to satisfy Condition (A/) at p E dfl if there exist 

- . .' neighborhoods U and V of p and (0, 0), respectively; a biholomorphism $ from C/nfi 

onto V n Mh, which extends homeomophically to [/ n dfl such that ^{p) — (0, 0). 
In this circumstance, we say that a sequence {rjn} C C/ H f2 converges tangentially 
to order s {s > 0) to p if dist {^ {rjn), dMn) « |<i>(77„)i|'', where dist{z, OMh) is 
the Euclidean distance from z to OMh and $(77„)i is the first coordinate of <& (??«)■ 
Here and in what follows, < and > denote inequality up to a positive constant. 
Moreover, we will use « for the combination of < and >. 
We first prove the following theorem. 
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Theorem 1. Let fl be a domain in C^ and let p G dil. Suppose that Q, satisfies 
Condition (M) at p and there exist a sequence {fn} C Aut(r2) and q Cz Q such 
that {/«('?)} converges tangentially to order < 2m (= deg(_ff)) to p. Then fl is 
biholomorphically equivalent to the model Mh- 

For a domain 51 in C", the automorphism group is not easy to describe expUcitly; 
besides, it is unknown in most cases. For instance, the automorphism groups of 
various domains are given in [TUJ [TSl [IHl HOI 1221 HSl [55] . Recently, exphcit forms of 
automorphism groups of certain domains have been obtained in [U |51 [5] . 

The second part of this note is to describe automorphism groups of models in 
C^. If a model is symmetric, i.e. H{zi) = jzip™, then it is biholomorphically 
equivalent to the ThuUen domain i?i,„i = {(21,22) G C^ : I22P + l^ip™ < 1}; the 
A\\i{Ei^rn) is exactly the set of all biholomorphisms 

21, Z2 ^ e^T^^'^ V^^Ta^^2 
V 1 — azi (1 — a2i)^/™ / 

for some a G C with \a\ < 1 and 9i,92 G M (cf. ^^ Example 9, p. 20]). Let us 
denote by flm = {(^1,22) G C^ : Re Z2 + (Re 21)^'" < 0}. Ah the other models, 
which are not biholomorphically equivalent to i?i.m or £7™, will be treated together, 
as the generic case. Let us denote T^, T^, Rg, S\ by the following automorphisms: 

T/ : (21,22) M' (zi +it, 22); 

T^ : (21,22) 1-^ (2:1,22 +it); 

Re : (21,22) H' (e**zi,22); 

5a: (2i,22)^(Azi,A2"22), 

where t G M, A > 0, and exp(i6') is an L-root of unity ( see Section 4). 
With these notations, we obtain the following our second main result. 

Theorem 2. If m> 2, then 

(i) Aut(51m) is generated by 

{Tl,T^,R^,Sx I iGM,A>0}; 
(ii) For any generic model Mh, Aut(M//) is generated by 

{Tj , Rg, S\ I i G K, A > 0, and exp{i6) is an L-root of unity}. 

Let S{ft) denote the set of all boundary accumulation points for Aut(il). Then 
it follows from Theorem [5] that 

(i) 5(^1,™) = {(e^^ 0) G C2 : G [0, 2^)}; 
(ii) Sirirn) = {{it, is) G C^ : t, s G M} U {00}; 

(iii) S{Mh) = {{it, 0) G C^ : i G R} U {00} for any generic model Mh- 
We remark that, for any model Mh in C^, S{Mh) is a smooth submanifold 
of OMh- Moreover, the D'Angelo type is constant and maximal along S{Mh)- 
In addition, the behaviour of orbits in any model Mh C C^ is well-known. For 
instance, if there exist a point q G Mh and a sequence {fn} C Aut(Af//) such that 
{fn{q)} converges to some boundary accumulation point p G S{Mh) \ {00}, then it 
must converge tangentially to order < deg(7J) to p. In the past twenty years, much 
attention has been given to the behaviour of orbits near an orbit accumulation 
point. We refer the reader to the articles [ini UHl HZ] , and references therein for the 
development of related subjects. 
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A typical consequence of Theorem [2] and the Berteloot's result (3 is as follows. 

Corollary 1. Let il be a domain in C^. Suppose that there exist a point q £ fl 
and a sequenee {fj} C Aut(J7) such that {fj{q)} converges to Poo G dfl. Assume 
that the boundary of il is smooth, pseudoconvex, and of D'Angelo finite type near 
Poo iT{dfl,Poo) = '2m). Then exactly one of the following alternatives holds: 
(i) //dimAut(fi) = 2 then 

n~MH = {{zi, Z2) e C^ : Re Z2 + H{zi) < 0}, 

where Mh is a generic model in C^ and deg(H) — 2m. 
(ii) //dimAut(f7) = 3 then 

n^n^ = {(zi, Z2) e C^ : Re Z2 + (Re 2i)"" < 0}. 

(iii) //dimAut(f7) = 4 then 

n ~ El^„^ = {(^1, 22) e C^ : Re Z2+ki|'™ < 0} ~ {(21,^2) e C^ : |z2|' + |2i|"" < !}• 

(iv) //dimAut(f7) = 8 then 

C! ~ B2 = {izi,Z2) e C^ : |zi|2 + |z2p < 1}. 

The dimensions 0, 1, 5, 6, 7 cannot occur with fl as above. 

For the case that dfl is real analytic and of D'Angelo finite type near a boundary 
orbit accumulation point (without the hypothesis of pseudoconvexity) , a similar 
result as the above corollary was obtained in |27) by using a different method. In 
addition, it was shown in [3 that a smoothly bounded il in C^ with real analytic 
boundary and with noncompact automorphism group, must be biholomorphically 
equivalent to Ei^„i- 

This paper is organized as follows. In Section 2, we review some basic notions 
needed later. In Section 3, we prove Theorem [TJ Finally, the proof of Theorem [5] is 
given in Section 4 

2. Definitions and results 

First of all, we recall the following definitions. 

Definition 1 (see [H]). Let fi C C" be a domain with C°°-smooth boundary and 
p e dil. Then the D'Angelo type r(9r2,p) of dfl at p is defined as 

r(ai7,p):=sup^, 

where p is a definining function of fl near p, the supremum is taken over all germs 
of nonconstant holomorphic curves 7 : (C, 0) — )■ (C",p). We say that p is a point 
of finite type if T(dQ,p) < cx3 and of infinite type if otherwise. 

Definition 2. Let X,Y he complex spaces and J-"C Hol{X,Y). 

(i) A sequence {fj} C J^ is compactly divergent if for every compact set 
K (Z X and for every compact set L d Y there is a number jq — jq {K, L) 
such that fj{K) n L = for all j > jo- 

(ii) The family J- is said to be not compactly divergent if J- contains no 
compactly divergent subsequences. 
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Definition 3. A complex space X is called taut if for any family T C Hol{A, X), 
there exists a subsequence {fj} C T which is either convergent or compactly diver- 
gent, where A = {z e C: \z\ < 1}. 

We recall the concept of Caratheodory kernel convergence of domains which 
is relevant to the discussion of scaling methods (see [12). Note that the local 
Hausdorff convergence can replace the normal convergence in case the domains in 
consideration are convex. 

Definition 4 (Caratheodory Kernel Convergence). Let {fli,} be a sequence of 

oo oo 

domains in C" such that p £ f] il^. If p is an interior point of f] H.^, the 

Caratheodory kernel fl at p oi the sequence {S^j^}, is defined to be the largest 
domain containing p having the property that each compact subset of Cl lies in all 

oo 

but a finite number of the domains f2,y. If p is not an interior point of p| f2,y, the 

Caratheodory kernel (l is {p}. The sequence {il,^} is said to converge to its kernel 
at p if every subsequence of {^^} has the same kernel at p. 

We shall say that a sequence {fJ^} of domains in C" converges normally to f2 

oo 

(denoted by lim fJ^ = fl) if there exists a point p E f] fli, such that {ri,y} converges 

to its Caratheodory kernel Ct at p. 

Now we recall several results which will be used later on. The following propo- 
sition is a generalization of the theorem of Greene-Krantz |T^ (cf. [15]). 

Proposition 1. Let {Aj}°°^^ and {^j}?^i be sequences of domains in a complex 
m,anifold M with lim Aj = Aq and limflj = CIq for some {uniquely determined ) 
domains Aq, JIq in M . Suppose that {fj : Aj — > Qj} is a sequence of biholomorphic 
maps. Suppose also that the sequence {fj : Aj — >■ M} converges uniformly on 
compact subsets of Aq to a holomorphic map F : Aq -^ M and the sequence {gj := 
f~ : V,j — >■ M} converges uniformly on compact subsets of Hq to a holomorphic 
map G : Qq -^ M . Then one of the following two assertions holds. 

(i) The sequence {fj} is compactly divergent, i.e., for each compact set K C 

f2o OLnd each compact set L d ^Iq, there exists an integer jq such that 

fj{K)CM = % for 3 >jQ, or 
(ii) There exists a subsequence {fj^} C {fj} such that the sequence {fj^} 

converges uniformly on compact subsets of Aq to a biholomorphic map 

F:Aq^ Qq. 

In closing this section we recall the following lemma (see [71 )• 

Lemma 1 (F. Berteloot). Let CToo be a subharmonic function of class C^ on C 
such that croo(O) = and /„ ddaoo = +oo. Let {cfc} be a sequence of subharmonic 
functions on C which converges uniformly on compact subsets of C to (Too • Let f2 
be any domain in a complex manifold of dimension m {rn > 1) and let zq be a fixed 
point in Q. Denote by Mk the domain in C" defined by 

A4 = {(zi,Z2)eC2 ■.Rcz2 + (Jk{zi) <0}. 

Then any sequence hk € Hol{Q, Mk) such that {hk{zo),k > 1} (s Mqo admits a 
subsequence which converges uniformly on compact subsets of fl to an element of 
Hol{n,M^). 
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3. Asymptotic behaviour of orbits in a model in C^ 
Let P be a subharmonic polynomial. Let us denote by Mp the model given by 

Mp = {(zi,Z2)eC2 :p(zi,Z2) :=Rez2+P(zi)<0}. 

Let 51 be a domain in C? . Suppose that 951 is pseudoconvex, finite type, and smooth 
of class C°° near a boundary point p e 951. In [7], F. Berteloot proved that if p 
is a boundary orbit accumulation point for Aut(51), then 51 is biholomorphically 
equivalent to a model MH^ where iJ is a homogeneous subharmonic polynomial of 
degree 2m which contains no harmonic terms with \\H\\ = 1. Here and in what 
follows, denote by ||P|| the maximum of absolute values of the coefficients of a 
polynomial P. Let us denote by 7^2771 the space of real valued polynomials on C 
with degree less than or equals to 2m and which do not contain any harmonic term 
and by 

^2m — {H G V2m such that deg(H) — 2m and H is homogeneous and subharmonic}. 

From now on, let H G "^2™ be as in Theorem [TJ Taking the risk of confusion we 
employ the notation 



Hy.= 



d^H 



dz 



dz-idzl 



throughout the paper for all j, q G W. 
For each a = (01,02) G C^, let us define 



Ha{wi) 



e(a) ^ U 



9)! 



T{a) 



j+«,,,J, 



where e(a) = |Re 02 + H{ai)\ and T{a) is chosen so that ||-ffa|| = 
\/e{a) < T{a) < e(a)^/'-^™-'. Denote by (/>a the holomorphic map 

0a : C^ -> C^ 

Zi-^ W = 0a(z), 



1. We note that 



given by 



W2 



Wi 



1 
1 



2m 



Z2 - 02 - e(a) + 2J2 



-gj(ai) 



{zi - aiy 



[zi - ai\. 
ba maps biholomorphically M^ onto M^^ and 4>a{ci) 



r{a)' 
It is easy to check that 
(0,-1). 

Now let us consider a domain 51 in C^ satisfying Condition (M) at a boundary 
point p G 951. With no loss of generality, we can assume p — (0, 0) and 

51 n C/ = {(21,22) e U : p{zi,Z2) = Re Z2 + H{zi) < 0}. 

Assume that there exist a sequence {/„} C Aut(51) and a point q G Mh such that 
Vn := fn{q) -^ (0,0) a.sn~>- CO. 

Remark 1. By Proposition 2.1 in 7 , 51 is taut and after taking a subsequence we 
may assume that for each compact subset K <Z D there exists a positive integer no 
such that fn{K) C 51 n C/ for every n > no. 



Since \\H, 



lim Hr, 






— 1, passing to a subsequence if necessary, we can assume that 
where Hoc G 7^2™ and ||-ffoo|| = 1- 
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Proposition 2. f2 is hiholomorphically equivalent to Mh^ ■ 

Proof. Let ipn '■— (/'i(„ o /„ for each n E N* and consider the following sequence of 
biholoniorphisms 

<ZK^(0,-1). 

By Lemma [T] and by Remark [1] after taking a subsequence we may assume that 
{^n} converges uniformly on any compact subsets of i7 to a holomorphic map 
5 : i7 — > Mh^- In the other hand, since il is taut we can assume that {V'n^} 
converges also uniformly on any compact subset of Mh^ to a holomorphic map 
g : Mh^ -^ Mh- Therefore it follows from Proposition [1] that g is biholomorphic, 
and hence fi is biholomorphically equivalent to Mh^ ■ O 

Remark 2. dist(77„, 9Afff) w e„ := |p(?/n)|. 

Remark 3. i) Let {rjn} be a sequence in Mh which converges tangentially to order 
2to to (0,0). Set e„ := |p(r?„)| w |r?„i|2™. Then we have 

|R.e 77„2| = |e« + H{r]ni)\ 

ii) Suppose that \r\n\ is a sequence in Mj:/ which converges tangentially to order 
< 2m to (0,0). Then we have iTynip"* = o(e„) and we thus obtain the following 
estimate 

|R.e 77„2| = V-a +il{r\n\)\ 

Lemma 2. // {??„} C ^Af/f converges tangentially to order 2m to (0,0), then 
deg{Hao) = 2m and moreover M^^ is biholomorphically equivalent to Mh- 

Proof. Since {rjn} converges tangentially to order 2m to (0,0), it follows that 
hniP™ « £„ « d(^rn5r!). Let a,-,-(77„) := ""^'^'^("/^^^g"^'^' for each j,q > with 
j + q < 2m. Then we have the following estimate 

'"^■'"^''"^' -^ (j + g)!e„ -^V|,y„i|J ■ 

Since ||-ffr)„ll = 1, we have t(?7„) > |?7„i| w e„'^ ™ , and therefore r(7y„) sa e„'^ "^ 
This implies that deg{Hoo) = 2m. Without loss of generality we can assume that 
lim i/("2'ni) = ck and lim ^l^jj^) = /3. We note that 

(7+g)!V 1/(2-)^ '''V 1/(2")^' 
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for any j,q > 0. Then we obtain \iinaj^q{rin) — ,.^y l3^^'^Hj,q{a)w\w\ for each 
j, g > 0; hence 



= H{a + fiwi)- H{a) - 2Re^ El^i^^^^y 
So, the holoniorphic map given by 

2m 



3 = 1 

ti = a + f3wi 
is biholomorphic from Mh^ onto Mh- O 

Lemma 3. If {rjn} C Mh converges tangentially to order < 2m to (0,0), then 
Hoc = H ■ 

Proof. It is easy to see that r(r7„) < e„ " . On the other hand, since IjyniP™ = 
o(|e„|), we have for j, q e N with j, g > 0, j + g < 2m that 

|„ |2m-j-g,(i+g)/(2m) 

|aj,g('7n)l ^ — 



(j +?)!£« 

Therefore Wraaj^qijin) — for any j,q > with j + q < 2m, and thus i/00 = ^• 
Hence, the proof is complete. D 

Proof of Theorem{l\ Let D, and {/„} be a domain and a sequence, respectively, as 
in Theorem [T] Then, after a change of coordinates, we can assume that p = (0, 0) 
and 

nnU^ {{zi,Z2) e U -. p{zi,Z2) = Re Z2 + H{zi) < 0}. 

Moreover, we may also assume that rjn := fn{q) G UDMh for all n E N*. Therefore, 
it follows from Proposition [21 Lemma [21 and Lemma [31 that il is biholomorphically 
equivalent to Mh, which finishes the proof. D 

In the case that {rjn} converges tangentially to order > 2m to (0,0), we obtain 
the following proposition. 

Proposition 3. Let {rjn} C Mh be a sequence which converges tangentially to 
order > 2m to (0, 0). // there exist j,q > with j + q < 2m such that 



\Jln\) 



\2m~i-q 
'ln\ I ; 



dz\dz\ 
then T{rin) — o{£n ™ ), and thus deg{Hoo) < 2m. 
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Proof. Suppose otherwise that r(77„) « tn ■ Then since e„ = o(|77„ip™), one 
gets 

|„ |2m-j-ij,(j+'j)/(2m) 

'"-"^^"^' ^Tw^:^ — 

^ e„ 
This implies that 

hm aj,g(?7„)| = +00, 

n— )-oo 

which is a contradiction. Thus, the proof is complete. D 

Example 1. Let £'1^2 :== {(^1,22) G C^ : Re Z2 + Nil'* < 0}. Then the se- 
quence {(1/ v^, — 2/n)} converges tangentially to order 4 to (0, 0). But the sequence 
{(1/y^, — 1/n — 1/n-^)} converges tangentially to order 8 to (0, 0). 

Let p{zi,Z2) = Re 22 + 1^1!'' and let ry^ = (1/-^, — 1/n- l/ii?) for every n e N*. 
We see that p{rin) — —1/n — l/n^ + 1/n = —Xjr? w — dist(?7„,9rj). Set e„ = 
|p(r/„)| = l/n2. Then 

p{zx,Z2) =Re(z2) + I— ^+21- -j=f 

= Re(z2) + i + |zi - ^r + ^(2Re(zi - ^)f + ^ki - ^pRe(zi - ^) 
4 1 , 1 , 2 , 1 ,, 

= Re(z2) + - + ^ij^Re(zi - ^) + ^Re((zi - ^)2) + \z^ - l-\^ 
n \/n\/n \/n Jn -sin \/n 



4 , 1 ,9 4 , 1 ,9 . 1 X 

V" V "' V "- V '^ v*^ 

A direct calculation shows that r„ := r(77„) = 3^4 for all n = 1, 2, . . . and thus 
the automorphism (j)^,^ is given by 

0,;^_^*(wi,W2) = [^1= + r„wi,e„W2 T„Re(wi) ^r^Re(wi)); 

enV°fcH'^i>«^2) = e^V(^^ +T„wi,e„W2 ^^^r„Re(u;i) ^T^Re(wi 

' V \/n n \/n\/n \/n 



= Re{w2) + T^\wif + \wi\^ + — ^|wi|^Re(u;i). 
Ion 2-y'n 

We now show that there do not exist a sequence {/«} C Aut(_Ei,2) and a e Ei^2 
such that rjn = fn{a) -^ (0,0) G 9i?i,2 as n ^- 00. Indeed, suppose that there 
exist such a sequence {/„} and such a point a G i?i,2- Then by Proposition [5J 
Ei^2 is biholomorphically equivalent to the following domain D := {(^1,^2) G C^ : 
Re W2 + Iwip < 0} ~ B^. It is impossible. 

4. Automorphism group of a model in C^ 
In this section, we consider a model 

Mh :={(zi,Z2) e C^ :Rez2 + i?(zi) < 0}, 



ON THE AUTOMORPHISM GROUPS OF MODELS 9 

where 

2m— 1 m— 1 

7?(zi) = ^ a^m-jziz^"'-^ = a,„|zi|2™ + 2 ^ Izip^Rela.Zi^"-^^') (1) 

is a nonzero real valued homogeneous polynomial of degree 2m, with aj £ C and 
flj = a2m-j- We will give the explicit description of Aut(M_ff )■ 
The D'Angelo type of OMh is given by the following. 

Lemma 4. T{dMH, {a, —H{a) + it)) ~ nia for all a £ C and for all t eM., where 

d^+iHla) 
nia = min{j + q\ j,q>0, ^ 0}. 

oz]^ozl 

Proof. By the following change of variables 

2m 

W2^Z2 + H{a) + 2j:^izi-a)^ 

3 = 1 

wi = zi — a, 
the defining function for Mh is now given by 



p{wi,W2) = Re u;2 + 



'^ U + qV- 



By a computation, we get T{dMfj, (a, —H{a) + it)) = rria, and thus the proof is 
complete. D 

Let Pk{dMH) the set of all points in DMh of D'Angelo type k {k is either 
a positive integer or infinity). Let us denote by F :— {{zi,it) | t G M, zi £ 
C with Re(e"'zi) = 0} if H{zi) = a(Re(e*''zi))2'" for some a e M* and for some 
ly e [0, 27r) and by T := {(0, it) \ t G R} if otherwise. 

Lemma 5. If m > 2, then P2m{dMij) — L and T{dMH,p) < 2m for all p E 
5Mff\r. 

Proof It is not hard to show that F C P2m{dMH)- Now let p = {a,-H{a) + 
it) (a 7^ 0) be any boundary point in OMh \ F. By Lemma HI we see that 
T{dMH,p) = ma < 2m. We will prove that T{dMH,p) < 2m. Indeed, suppose 
that, on the contrary, T(dMH,p) = tria = 2m. This implies that Hjq{a) — for 
all j,q > and j + q < 2m and thus Hii{a + zi) — Hii{zi) for all zi E C Let 
g{x, y) := Hii(x + iy) for all Zi = x + iy E C By a change of afhne coordinates in 
C, we may assume that a ~ (1, 0) and thus f{x + 1, y) = f{x, y) for all (cc, y) E M^. 
Hence, for each y E M. f{x,y) is a periodic polynomial in x, and thus f{x,y) does 
not depend on x, i.e., f{x,y) = l3y^™-~^ for some /3 e M. 

Therefore by the above, we conclude that Hii{zi) — a(Re(e*'^zi))^™^^ for some 
a G M* and for some ly E [0, 2tt) and a satisfies Re(e*'^a) = 0. It is easy to show that 
H{zi) — c(Re(e*''2:i))^'"~^ for some c S R* and {a, it) E F, which is impossible. 
Thus the proof is complete. D 

We recall the following lemma, proved by F. Bcrteloot (see [J), which is the 
main ingredient in the proof of Theorem [5] 
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Lemma 6 (F. Berteloot). Let Q E V2m and H e 'H2m- Suppose that 'tp : Mh — > 
Mq is a biholomorphism. Then there exist to E M. and zq G OMq such that tp 
and ip~^ extend to be holomorphic in neighborhoods of (0, it^) and zq, respectively. 
Moreover, the homogeneous part of higher degree in Q is equal to \H{e^^ z) for some 
A > and v e [0,27r). 

Proof. According to [2], there exists a holomorphic function on Mq which is 
continuous on Mq such that |(/)| < 1 for z G Mq and tends to 1 at infinity. Let 
ip : Mh — >■ Mq be a biholomorphism. We claim that there exists io S R such that 
lim^_>o- inf |V'(0', x+ito)\ < +oo. Indeed, if this would not be the case, the function 
(f)oip would be equal to 1 on the half plane {{zi, Z2) € C^ : Re Z2 < 0, zi = 0} and 
this is impossible since 101 < 1 for \z\ ^ 1. Therefore, we may assume that there 
exists a sequence x^ < such that limxfe — and limi/;(0,a;fe + it^) = zq G OMq. 
It is proved in [5] that under these circumstances ip extends homeomorphically to 
dMn on some neighbourhood of (0, ito). Then the result of Bell (see [3]) shows that 
this extension is actually diffeomorphic. Moreover, it follows from [SJ Theorem 3] 
(see also [UllM]) tjj and ■0"^ extend to be holomorphic in neighborhoods of (0, Hq) 
and Zq, respectively. Therefore, the conclusion follows easily. D 

Now we recall two basic integer valued invariants used in the normal form con- 
struction in |21] . Let I = toq < mi < ••• < rup < m he indices in ([1]) for 
which arm ¥" 0- Denote by L the greatest common divisor of 2ni — 2mo,2m — 
277ii, . . . , 2to — 2mp. If Z = TO, then H{zi) = am\zi\'^"^ (a™ > 0) and it is known 
that Mh is biholomorphically equivalent to the domain 

Si.m - {{Z1.Z2) e C^: |z2p + l^il"" < 1}. 

The automorphism group of i?i,m is well-known (see jl5[ Example 9, p. 20]). 
So, in what follows we only consider the case I < to. Moreover, we consider the 
model rtm = {{zi,Z2) G C : Re Z2 -I- (Re zi)^™ < 0} and others which are not 
biholomorphically equivalent to it. We notice that the constant L = 2 for the 
model flm 

Lemma 7. i7(cxp(i0)zi) = H{zi) for all zi G C i/ and only if exp(i9) is an L-root 
of unity. 

Proof. We have 

p 
H{exp{i9)zi) = a„|zi|2'» +2^ (|zi|2me|a„^ exp(i(2TO - 2to,)0)zi™"'™^ }) 

3=0 

for all zi G C. Hence, we conclude that H{ex.p{i6)zi) = H{zi) for all zi G C if and 
only if exp(i(2TO — 2?Ttj)0) = 1 for every j = 0, . . . ,p, which proves the assertion. D 

Proof of Theorem\^ For t G K, A > 0, and any i-root of unity exp(i0), consider 
the mappings 

T} : (zi,Z2) ^ (zi +ii, Z2); 

Tt ■■ (zi,Z2) ^-> (zi,Z2 +it); 

Re : (zi,Z2) H^ (e'^zi,Z2); 

Sx- (zi,Z2)k^(Azi,A2™Z2). 
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It is easy to check that T^, Re, S\ are m Aut(A/if ) and moreover T^ e Aut(AfH ) if 
H{zi) — (Re zi)^™ for all zi £ C Now let / = (/i, /2) be any biholomorphism of 
Mh- It follows from Lenima[5]that there exist boundary points p £ T and <? G F such 
that / and /^^ extend to be holomorphic in neighborhoods of p and q, respectively, 
and f{p) ~ q. Replacing / by its composition with reasonable translations T^,Tl, 
we may assume that p = q = (0,0), and there exist neighborhoods Ui and U2 
of (0,0) such that U2 n OMh = f{Ui H OMh), and / and /^^ are holomorphic 
in Ui and U2, respectively. Moreover, / is a local CR diffeomorphism of between 
Ui n dMn and U2 n OMh- 

Let us denote hy H — {z E C : Ke z < 0}. We now define gi{z2) ■= /i(0, 22) and 
52(2:2) := /2(0, Z2) for aU Z2 G H. It follows from LemmaHthat f{Ui n T) = L/2 n T. 
Consequently, gi{it) — for all — eo < t < eo with eo > small enough. By the 
Schwarz Reflection Principle and the Identity Theorem, we have 51(2:2) — for all 
22 G "H. This also implies that Re 72(0,22) < 0, and thus 32 G Aut(H). Since 

52(0) = 0, it is known that 52(22) = ^ — for some a G M* and /3 G M. 

1 + ipz2 
Now we are going to prove that / is biholomorphic between neighborhoods of 

the origin. To do this, it suffices to show that J/(0, 0) 7^ ( a simillar proof shows 

that Jj^-i(0,0) 7^ 0). To derive a contradiction, we suppose that J/(0,0) = 0. By 

the above we can write 

7(21,22) = (210(21,22), 52(22) + 216(21,22)), 

where a and b are holomorphic functions defined on neighborhoods of (0,0), re- 
spectively. By shrinking Ui if necessary, we can assume that a, b are defined on 
Ui. 

Take derivative of / at points (0, 22) we have 

0(21,22) 210^1(21,22) 



"^^^^''^'^"V HZ1,Z2) 52'(22)+2l6,,(2l,22) 

Therefore we obtain J/(0, 22) = a(0, Z2)g2 {Z2) for every 22 small enough. We note 
that J/(0,22) 7^ for aU 22 G U, 92' {0) = a 7^ , and J/(0,0) = 0. This implies 
that a(2i, 22) = 0(|2|). 

Since 7(21,22) G Mh n U2 for ah (21,22) G Mh C\ Ui, 

Re(52(22) + 216(21, 22)) + iJ(2ia(2i, 22)) < 

for all (21,22) G Mh H Ui. Because of the invariance of Mh under any map 
St (i > 0), one gets 

Re(52(t2"22) +t2i6(tei,t2™z2)) +H(t2ia(t2i,i2'"z2)) < Q (2) 

for every (21, 22) G Mh H Ui and for every t G (0, 1). 

Expand the function 6 into the Taylor series at the origin so that 

00 
b{zi,Z2) = ^ bj^kz{z2, 

j,k=0 

where bj,k G C for all j, fc G N. Hence the equation ([2]) can be re- written as 
po/(i2i,i2™22)^Re(a— — I— +i2i ^ b,Atziyit'"^z2r) 
+ H{tzia{tzi,t^"^Z2)) <0 
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for every (zi, 2:2) S Mh n Ui and for every t G (0, 1). 

Now let us denote by jo = min{j | hj^ 7^ 0} if 5(zi,0) ^ and jo = +00 if 
otherwise. We divide the argument into three cases as follows. 

Case 1. < Jo < 2m — 2. Note that we can choose 5q > Q and eo > such 
that H{zi) < eo for all \zi\ < Sq. Since (— eo,zi) £ U Ci Mh for all \zi\ < Sq, taking 
linit^o+ t^o+^ P ° fitzi,t'^"^eo) we obtain Re{bjg^ozi°^ ) < for all \zi\ < Sq, which 
leads to a contradiction. 

Case 2. jo = 2m — 1. It follows from ^ that 

lim -1-po /(tei,i2'»Z2) = Re{az2 + b2,n-i.ozf"') = 

for all (zi, Z2) e C/i with Re Z2+i?(zi) = 0. This implies that H{zi) = Re(^2z^^2m) 
for all \zi\ < Sf) with ^0 > small enough. It is absurd since H contains no harmonic 
terms. 

Case 3. jo > 2m — 1. Fix a point (zi, Z2) G t/ n dMn with Re(z2) ^ 0. From 
^ one has 

lim -^po /(tzi,i2"2;2) = Re(az2) = 0, 

which is impossible. 

Altogether, we conclude that / is a local biholomorphism between neighborhoods 
f/i and U2 of the origin satisfying /(C/i n dAIn) = C/2 n aAfe. Therefore by [2TJ 
Corollary 5.3, p. 909] and the Identity Theorem, we have 

/(zi,Z2) = (Ae^'^i,A2'"z2) 

for all (zi, Z2) G Mh, where e is an i-root of unity. Thus f — S\o Rg^ and hence 
the proof is complete. D 
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